Malaysian Journal of Computing and Applied Mathematics 2020, Vol 3(1): 21-26
©Universiti Sultan Zainal Abidin
(Online)

MALAYSIAN JOURNAL OF COMPUTING AND APPLIED
MATHEMATICS

On Modelling and Simulation of Electric Circuit Problems
*Hassan Adamu Alfakia,c, Muhammad Kabir Daudab, Ahmed Mohammed Gimbad,
Mohammed Abdullahi Ahmede
aDepartment

of Mathematics, Nigeria Defense Academy Kaduna, Nigeria
of Mathematical Sciences, Kaduna State University, Nigeria
cDepartment of Mathematics and Statistics, Kaduna Polytechnic, Kaduna, Nigeria
dDepartment of Information Technology, Nigerian Army University Biu, Borno State, Nigeria
eDepartment of Electrical and Electronic, Moi Idriss Aloma Polytechnic Geidam, Yobe State, Nigeria
bDepartment

Corresponding Author: alfakifika001@gmail.com
Received: 22/03/2020, Accepted: 14/06/2020
http://dx.doi.org/10.37231/myjcam.2020.3.1.39

Abstract
Differential equations are of fundamental importance in Mathematics, Physical Sciences and Engineering
Mathematics. Many mathematical relations and physical laws appeared in the form of such equations.
This paper reviewed an application of these equations in solving mathematical model on electric circuit
problems using the First order linear differential equation. The analytical approached in solving the
equations confirmed that solving electric circuits using first order linear ordinary differential equations gives
accurate and reliable result. Therefore, the application is of importance and great need. However, complex
problems need higher order differential equations, which are nonlinear and have entirely different
approach in finding their solutions.
Keywords: Differential Equation, First Order Linear Differential Equation, Circuit and Quantity of Current.

INTRODUCTION
An electric circuit is an interconnection of electric component such that electric charge is made to flow
along a closed path (a current) usually to perform some useful task. A circuit is any closed path with an
electric network, a circuit containing a source of electromotive force 𝐸 (a battery or a generator), a resistor
𝑅, inductor 𝐿, a condenser (or capacitor) 𝐶 and a switch all in series (Boyce et al., 2001; Dilwyn & Muke,
1989; Galadanci, 2014). Resistor is an electrical component that limits or regulates the flow of electrical
current in an electronic circuit. The resulting current is inversely proportional to the resistance. This is
ohm’s law, which states that the current (I) is equal to the voltage (V) divided by the resistance (R) that is
I=V/R. Inductor is a passive electronic component that stores energy in the form of a magnetic field. In its
simplest form, an inductor consists of a wire loop or coil. Inductance is directly proportional to the number
of turns in the coil, that is L. Capacitor is a small piece of electrical hardware that can hold electrical
energy within a circuit or field. Also, capacitors are used in power supplies, amplifiers, Signal processors,
oscillators and logic gate. Electromagnetic Force a fundamental force in nature, the electromagnetic force
acts between charge particles and is the combination of all electrical and magnetic forces. Example, the
electromagnetic force holds atoms together in molecules, causes friction and attracts iron to a magnet.
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Mathematical modeling is a process by which a framework is constructed mathematically to represent real
life situation. The frame work is further analyze with mathematical methods and techniques. Then translate
and interpret the result back into the context of real life situation. The industries and trade have been
modeled and computerized in modern time.
A model is defined as a simplified representation of certain aspect of life system. This may be
physical, biological or economical. A model specifies problems, reduces complication and lead to easy
solution of problems. This may be (i) Deterministic models or (ii) Stochastic models, (Dilwyn & Muke,
1989; Galadanci, 2014).
A differential equation is an equation containing one or more derivatives of the unknown functions with
respect to one or several independent variables. The order of a differential equation is the order of the
highest ordered derivative or differential coefficient that appears in the equation while the degree of a
differential equation, is the highest exponent of the powers of the highest order derivatives appearing,
(occurring) in the equation (Magaji et al., 2019; King et al., 2003; Al-Ahmad et al., 2019).
Studies show that in industries as well as commerce, the availability of fast and powerful computers
have made it possible for mathematicians to solve a great range of problems previously difficult to solve
because of their complexity. Engineers often use a mental model or theory to explain their observations,
make predictions and then test their prediction by experiment. Mathematicians unlike other engineers do
not deal directly with any physical objectives; their objects are ideas in mind, which have no physical
existence. However, most of the mathematical ideas are formed in the mind through idealization of
physical objects. The step leading from the physical object to mathematical ideas is called modeling
(Galadanci, 2014).
This paper studied the application of first order linear ordinary differential equations in Engineering
particularly in solving electrical circuits problems on which determines the quantity of current that pass
through the circuit. The work is to review and apply some existing methods for Solving Mathematical
Models involved in engineering problems particularly Electric circuit. The problems that will be considered
and the models/equations arising from the problems are not newly formulated or modeled from a
physical/real life situation or rather sourced from the workshop as a result of an experiment, but alternative
way to solve such problems.

THE METHOD OF FINDING SOLUTION OF FIRST ORDER EQUATIONS
In this section, the methods for finding the solution of first order linear ordinary differential equations are
presented. In each method, an example is given to demonstrate how to obtain the solution to such
equations.
A. Method of Separable Variable
A first order differential equation is said to be variable separable if it can be written in the form
𝑑𝑦
𝑔(𝑥)
=
𝑑𝑥

𝑓(𝑦)

𝑓(𝑦)𝑑𝑦 = 𝑔(𝑥)𝑑𝑥
Then, integrate both sides of (2) to obtain the solution of the differential equation (1) as
𝐹(𝑦) = 𝐺(𝑥) + 𝐶
Examples: Find the solution to the following differential equations
𝑑𝑦
𝑦−1
(a) =
𝑑𝑥

𝑥+1

𝑑𝑦

(b) (1 + 𝑥 2 ) = 2𝑥𝑦
𝑑𝑥
Solutions
𝑑𝑦
𝑦−1
Given that =
𝑑𝑥
𝑥+1
Then separable the variable and integrate both side as
𝑑𝑦
𝑑𝑥
∫
=∫
𝑦−1
𝑥+1
ln(𝑦 − 1) = ln(𝑥 + 1) + 𝑐
ln(𝑦 − 1) − ln(𝑥 + 1) = 𝑐
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By law of logarithm, we have

𝑦−1
ln (
)=𝑐
𝑥+1
𝑦−1
𝑦−1
= 𝑒𝑐 →
=𝑘
𝑥+1
𝑥+1

Where 𝑘 = 𝑒 𝑐
𝑑𝑦
For the solution of (b) (1 + 𝑥 2 ) = 2𝑥𝑦 and more on separable variable see Galadanci (2003) for details
𝑑𝑥

B. Method of Integrating Factor
An equation of the form
𝑑𝑦
+ 𝑃(𝑥)𝑦 = 𝑄(𝑥)
(3)
𝑑𝑥
Is a linear differential equation of first order, where 𝑃 and 𝑄 are functions of 𝑥. Multiply both sides of
equation (3) by the integrating factor 𝜑 = 𝑒 ∫ 𝑝(𝑥)𝑑𝑥 to get:
𝑑𝑦
( + 𝑃(𝑥)𝑦) 𝑒 ∫ 𝑝(𝑥)𝑑𝑥 = Q(𝑥)𝑒 ∫ 𝑝(𝑥)𝑑𝑥 + 𝐶
𝑑𝑥
𝑑𝑦
Example: Solve the equation𝑥 + 2𝑦 = 𝑥 3
𝑑𝑥
Solution
𝑑𝑦
Given that 𝑥 + 2𝑦 = 𝑥 3
𝑑𝑥
Dividing through by 𝑥 to obtain the standard form as in (3) gives
𝑑𝑦
2𝑦
+ = 𝑥2
(4)
𝑑𝑥

𝑥
2

where𝑃(𝑥) = , 𝑄(𝑥) = 𝑥 2
𝑥
So, the integrating factor is given by

2

2

𝑒 ∫ 𝑝(𝑥)𝑑𝑥 = 𝑒 ∫𝑥𝑑𝑥 = 𝑒 2𝑙𝑛𝑥 = 𝑒 𝑙𝑛𝑥 = 𝑥 2
Now, multiplying both sides of equation (4) by the integrating factor, we obtain
𝑑(𝑦𝑥 2 )

= 𝑥4
Integrating both sides

(5)

𝑦𝑥 2 = + 𝐶
5
Multiply (6) through by𝑥 −2

(6)

𝑑𝑥

𝑥5

𝑦=

𝑥3
+ 𝐶𝑥 −2
5

APPLICATION OF FIRST ORDER LINEAR ORDINARY DIFFERENTIAL EQUATION ON ELECTRIC
CIRCUIT
Problem 3.1: In a model of electric circuit below. The figure shows a circuit containing an electromotive
force, a capacitor with a capacitance of 𝐶 farads (𝐹) and a resistor of 𝑅 ohms (Ω). A review shows that the
𝑄
voltage drop across the capacitor is , where 𝑄 is the charge (in coulombs), so in this case Kirchhoff’s law
𝐶
gives:
𝑄
𝑅𝐼 + = 𝐸(𝑡)
(7)
But,𝐼 =

𝑑𝑄
𝑑𝑡

𝐶

so we have
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Fig. 3.0: A circuit containing an electromotive force, a capacitor with a capacitance of C farads (F) and a
resistor of R ohms (Ω).
Suppose the resistance is 5Ω, the capacitance 0.05𝐹, a battery gives a constant voltage of 60𝑉 and the
initial charge is 𝑄(0) = 0.
(a) Find the charge and current at time 𝑡.
(b) What is the charge at 𝑡 = 3𝑠?
Solution
𝑄
Give that 𝑅𝐼 + = 𝐸(𝑡) where 𝑅 = 5, 𝐶 = 0.05, 𝐸(𝑡) = 60
𝐶
Therefore,
𝑑𝑄
1
5 +
Q = 60
𝑑𝑡
0.05
Dividing both sides by 5
𝑑𝑄
+ 4Q = 12
𝑑𝑡
Applying the integrating factor
𝜑 = 𝑒 ∫ 𝑝(𝑡)𝑑𝑡 = 𝑒 4 ∫ 𝑑𝑡 = 𝑒 4𝑡
Multiply the integrating factor to both side of equation 9
𝑑𝑄
Q
𝑒 4𝑡 + 𝑒 4𝑡 = 12𝑒 4𝑡
𝑑𝑡
4
𝑑 4𝑡
(𝑒 𝑄) = 12𝑒 4𝑡
𝑑𝑡
Integrating both sides,

(8)
(9)

(10)

𝑒 4𝑡 𝑄 = 12 ∫ 𝑒 4𝑡 𝑑𝑡
𝑒 4𝑡 𝑄 = 12 (
𝑒 4𝑡 𝑄 = 3𝑒 4𝑡 + 𝐶
Multiply (11) through by𝑒 −4𝑡
𝑄 = 3 + 𝐶𝑒 −4𝑡
Therefore,𝐶 = −3

𝑒 4𝑡
)+𝐶
4
(11)
(12)

𝑄(0) = 3 + 𝐶
𝑄(𝑡) = 3 − 3𝑒 −4𝑡
𝑄(3) = 3 − 3𝑒 −4(3)
= 3 − 3𝑒 −12 = 2.99 ≈ 3𝑐𝑜𝑙𝑢𝑚𝑏𝑠

Problem 3.2:
A generator supplies a voltage of 𝐸(𝑡) = 40𝑠𝑖𝑛60 volts, the inductance is 1H, the resistance is 20Ω and
𝐼(0) = 1. Find;
(a) Find I(t).
(b) Find the current after 0.1s.
Solution
The differential equation for the system is given by:
𝑑𝐼
𝐿 + 𝑅𝐼 = 𝐸(𝑡)
𝑑𝑡
From the given problem, 𝐿 = 1, 𝑅 = 20, 𝐼 = 1, 𝐸(𝑡) = 40𝑠𝑖𝑛60𝑡.
𝑑𝐼
∴ + 20𝐼 = 40𝑠𝑖𝑛60𝑡
𝑑𝑡
The integrating factor is:
𝜇 = 𝑒 ∫ 𝑃𝑑𝑡 = 𝑒 ∫ 20𝑑𝑡 = 𝑒 20𝑡
Multiplying equation (14) through by the integrating factor,
𝑑𝐼
𝑒 20𝑡 + 20𝑒 20𝑡 𝐼 = 𝑒 20𝑡 40𝑠𝑖𝑛60𝑡
𝑑𝑡

𝑑

→ (𝑒 20𝑡 𝐼) = 40𝑒 20𝑡 𝑠𝑖𝑛60𝑡
𝑑𝑡
Integrating both sides of the equation 3.9
𝑒 20𝑡 𝐼 = 40 ∫ 𝑒 20𝑡 𝑠𝑖𝑛60𝑡𝑑𝑡

(13)
(14)

(15)
(16)
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Let 𝑦 = ∫ 𝑒 20𝑡 𝑠𝑖𝑛60𝑡𝑑𝑡
𝑐𝑜𝑠60𝑡
By applying the integration by parts, 𝑈 = 𝑒 20𝑡 , 𝑑𝑉 = 𝑠𝑖𝑛60𝑡𝑑𝑡 , 𝑉 = , 𝑑𝑈 = 20𝑒 20𝑡
60
So, ∫ 𝑈𝑑𝑉 = 𝑈𝑉 − ∫ 𝑉𝑑𝑈
= −

𝑒 20𝑡 𝑐𝑜𝑠60𝑡
60

+

𝑒 20𝑡 𝑐𝑜𝑠60𝑡

20
60
1

∫ 𝑒 20𝑡 𝑐𝑜𝑠60𝑡𝑑𝑡

(17)
(18)
(19)

y=−
+ ∫ 𝑒 20𝑡 𝑐𝑜𝑠60𝑡𝑑𝑡
60
3
We again integrate ∫ 𝑒 20𝑡 𝑐𝑜𝑠60𝑡𝑑𝑡 by parts to have
∫ 𝑒 20𝑡 𝑐𝑜𝑠60𝑡𝑑𝑡
𝑠𝑖𝑛60𝑡
Let U = 𝑒 20𝑡 , dV = cos60tdt, V = , dU = 20𝑒 20𝑡
𝑒 20𝑡 𝑠𝑖𝑛60𝑡

60

20

So, ∫ 𝑒 20𝑡 𝑐𝑜𝑠60𝑡𝑑𝑡 =
− ∫ 𝑒 20𝑡 𝑠𝑖𝑛60𝑡𝑑𝑡
60
60
But y = ∫ 𝑒 20𝑡 𝑠𝑖𝑛60𝑡𝑑𝑡 , therefore (20) becomes
=

𝑒 20𝑡 𝑠𝑖𝑛60𝑡
60

−

1
3

y

(21)
𝑒 20𝑡 𝑐𝑜𝑠60𝑡

Therefore, y = −
y=−

𝑒 20𝑡 𝑐𝑜𝑠60𝑡
60

1

y+ y= −
10

9

(20)

+

60
𝑒 20𝑡 𝑠𝑖𝑛60𝑡

𝑒 20𝑡 𝑐𝑜𝑠60𝑡

60
𝑒 20𝑡 𝑐𝑜𝑠60𝑡

180

+

+
−

1

[

3
1

𝑒 20𝑡 𝑠𝑖𝑛60𝑡
60

−

1
3

𝑦]

𝑦

9
𝑒 20𝑡 𝑠𝑖𝑛60𝑡

180
𝑒 20𝑡 𝑠𝑖𝑛60𝑡

𝑦= −
+
60
180
Multiply equation 22 through by 9 to obtain

(22)

9

10𝑦 = −

9𝑒 20𝑡 𝑐𝑜𝑠60𝑡

60
𝑒 20𝑡 𝑠𝑖𝑛60𝑡

+

9𝑒 20𝑡 𝑠𝑖𝑛60𝑡

180
𝑒 20𝑡 𝑐𝑜𝑠60𝑡

10𝑦 =
−
20
60
Dividing both sides of (23) by 10
𝑦=

𝑒 20𝑡 𝑠𝑖𝑛60𝑡

−

(23)

𝑒 20𝑡 𝑐𝑜𝑠60𝑡

200
600
3𝑒 20𝑡 𝑠𝑖𝑛60𝑡− 9𝑒 20𝑡 𝑐𝑜𝑠60𝑡

𝑦=
600
By substituting equation 24 into equation 26, therefore equation (26) becomes
3𝑒 20𝑡 𝑠𝑖𝑛60𝑡−9𝑒 20𝑡 𝑐𝑜𝑠60𝑡

𝑒 20𝑡 𝐼 = 40𝑒 20𝑡 [

600
20𝑡 𝑠𝑖𝑛60𝑡−9𝑒 20𝑡 𝑐𝑜𝑠60𝑡
20𝑡 3𝑒
𝑒 [
]
15

]+ 𝐶

𝑒 20𝑡 𝐼 =
+ 𝐶
Multiply equation (25) through by 𝑒 −20𝑡 , we get
3𝑒 20𝑡 𝑠𝑖𝑛60𝑡−9𝑒 20𝑡 𝑐𝑜𝑠60𝑡

𝐼=
15
Now at t = 0
−9
𝐼(0) =
+ 𝐶 = 0,
15

(25)

+ 𝐶𝑒 −20𝑡
∴𝐶=

3𝑒 20𝑡 𝑠𝑖𝑛60𝑡−9𝑒 20𝑡 𝑐𝑜𝑠60𝑡

(24)

(26)

9
15

(a) 𝐼(𝑡) =
+ 𝐶𝑒 −20𝑡
15
(b) 𝑇ℎ𝑒 𝐶𝑢𝑟𝑟𝑒𝑛𝑡 𝑎𝑓𝑡𝑒𝑟 0.1𝑠
3𝑠𝑖𝑛60(0.1)−9𝑐𝑜𝑠60(0.1)
9
𝐼(0.1) =
+ 𝑒 −20(0.1)
15
3𝑠𝑖𝑛6−9𝑐𝑜𝑠6

9

15

𝐼(0.1) =
+ 𝑒 −2
15
15
𝐼(0.1) = −0.5758 + 0.0812
= 0.4946 𝐶𝑜𝑙𝑢𝑚𝑏𝑠

RESULT AND DISCUSSION
The first order differential equations, which are the simplest forms of ordinary differential equations, plays
an important role in different fields of Engineering when formulated from a real or physical situation.
Differential equations are of fundamental importance in Mathematics, Physical Sciences and Engineering
25
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Mathematics. Many mathematical relations and physical laws appeared in the form of such equations. In
this paper, the application is studied, problems related to electrical circuits are presented, and solution to
these problems is provided.

CONCLUSION AND RECOMMENDATION
Based on the problems and method discussed, it is recommended that applying first order linear
differential equations in solving problems related to electric circuits is suitable and easier than the direct
method. The analytic approach used in solving the equations confirmed that solving electric circuits using
first order linear ordinary differential equations gives accurate, efficient and reliable result. However,
complex problems need higher order differential equations, which are nonlinear and have entirely different
approach in finding their solutions. Therefore, the applications is of importance and great need.
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